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Abstract
Concerning the trace anomaly in field theory a nonvanishing vacuum energy breaks the scale
symmetry as well, in addition to the usual beta function dependent term, requiring a unit operator
in the trace anomaly. This additional term is also necessary in quantum chromodynamics (QCD) to
cancel the inherent ambiguity in the gluon condensate. The inseparability of the gluon condensate
effect from the perturbative contribution to the vacuum energy renders it impossible to isolate the
gluon condensate effect on the cosmological constant.
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The scale invariance of a quantum field theory is generally broken by renormalization,
resulting in the trace anomaly, which in a massless gauge theory is given by [1, 2]
θµµ =
β(g)
2g
G2 , (1)
where G2 = (Gαβ)
2, Gαβ is the field strength tensor, θµν is the energy-momentum density
tensor, and β(g) is the beta function of the gauge coupling g. It shows that the matrix
element of the trace of the energy-momentum tensor between the vacuum and a state of
two gauge bosons is nonvanishing. Recall that the trace anomaly was originally obtained
by computing the matrix element. There is however another matrix element that may not
vanish: the vacuum expectation value of the trace, which in the four-dimensional spacetime
is 4 times the vacuum energy density. A nonvanishing vacuum energy suggests that θµµ would
have a unit operator in addition to the G2 operator. In fact Eq. (1) is peculiar in that the
vacuum energy is entirely given by the nonperturbative condensate of G2, with no hint of
perturbative contribution. The additional unit operator can be expected to account for the
missing perturbative contribution, asG2 mixes with the unit operator under renormalization.
Therefore, the trace anomaly should be written as
θµµ =
β(g)
2g
G2 + 4ǫ0(g)1 , (2)
where ǫ0(g) denotes the perturbative vacuum energy density.
Unless gravity is involved, ignoring the unit operator term is harmless as long as the
vacuum energy contribution is subtracted out, that is, only connected contribution is taken
into account. For example, the proton mass M in massless QCD can be given by the trace
anomaly [3], but it is independent of the unit operator when the vacuum contribution is
subtracted out:
2M2 = 〈P |θµµ|P 〉 − 〈0|θ
µ
µ|0〉〈P |P 〉 (3)
= 〈P |
β(g)
2g
G2|P 〉 − 〈0|
β(g)
2g
G2|0〉〈P |P 〉
= 〈P |
β(g)
2g
G2|P 〉c ,
where |P 〉 denotes the proton state and the superscript c denotes the connected contribution.
The addition of the unit operator, however, resolves a problem that has so far avoided
attention, but still important for self-consistency, and when the vacuum energy itself is of
importance as in gravity. The problem with Eq. (1) is that the condensate of G2 in a
nonabelian gauge theory is not a quantity that can be defined unambiguously [4, 5], so it
would imply erroneously that the vacuum energy density is ambiguous.
Let us consider the anomaly in massless QCD. The vacuum energy density ǫ from Eq. (2)
is given by
ǫ =
1
4
〈0|θµµ|0〉 = 〈0|
β(g)
8g
G2|0〉+ ǫ0(g) . (4)
The perturbative series of ǫ0 in g
2 is an asymptotic series and its Borel resummation is
ambiguous, depending on the resummation prescription. This ambiguity is to be canceled
by that of the gluon condensate so that the sum would be unambiguous. This allows one
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to determine the nature of infrared renormalon singularity in the Borel plane using the
renormalization group equation of the gluon condensate [6].
To be specific let us consider the vacuum energy in lattice QCD without quarks. In lattice
QCD the vacuum energy can be obtained from the average plaquette:
P (ξ) = 〈1−
1
3
TrU〉 = −
1
N
∂
∂ξ
logZ(ξ) ,
where N is the number of plaquettes and
Z =
∫
dUe−S(U)
with
S(U) = ξ
∑

(1−
1
3
TrU) ,
and the sum is over all plaquettes, U the link variables, and
ξ =
6
g2
.
For an infinite volume lattice Z ∼ e−ǫa
4Nlat , where ǫ is the vacuum energy density, a the
lattice spacing, and Nlat is the number of lattice sites, so we have
P (ξ) =
1
6
∂
∂ξ
(ǫa4) , (5)
where the factor 1/6 is the ratio Nlat/N on a four-dimensional lattice.
The average plaquette is given in the form to O(a4) [7, 8]:
P (ξ) = P0(ξ) +
g3
72β(g)
〈0|
β(g)
2g
G2|0〉a4 , (6)
where the beta function is given by
β(g(a)) = −a
∂g(a)
∂a
,
and P0 denotes the perturbative contribution:
P0(ξ) =
∞∑
1
cn
ξn
,
where the first coefficients are known [7]. Noting that the gluon condensate 〈0|β(g)/(2g)G2|0〉
is renormalization group (RG) invariant [2] we get the vacuum energy density:
ǫ =
6
a4
∫
P0(ξ)dξ +
1
12a4
〈0|
β(g)
2g
G2|0〉
∫
(
g3
β(g)
a4)dξ
= ǫ0(g) + 〈0|
β(g)
8g
G2|0〉 , (7)
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where the perturbative contribution ǫ0 is given by
ǫ0(g) =
6
a4
(
c1 log ξ +
∞∑
1
dn
ξn
)
(8)
with dn = cn+1/n.
As the gluon condensate is RG invariant, the condensate is proportional to Λ4QCD ∼
1/a4e−ξb0ξν(1 + O(1/ξ)), where b0 = 1/(3β0), ν = 2β1/β
2
0 , and β0, β1 are the coefficients of
the beta function
β(g) = −(β0g
3 + β1g
5 + · · · ) .
An ambiguity of this form in the gluon condensate gives rise to the renormalon singularity
ǫ˜(b) ∼ 1/(1− b/b0)
1+ν , (9)
where the Borel transform ǫ˜(b) of the perturbative vacuum energy is defined by
ǫ0(ξ) =
6
a4
∫
C
e−bξ ǫ˜(b)db ,
and the contour C is along the positive real axis. The singularity (9) then determines the
large order behavior of the vacuum energy coefficients as
dn ∼ Γ(n+ ν)(3β0)
n .
The resummation of the asymptotic series for ǫ0(ξ) then has an intrinsic uncertainty of the
same magnitude as the gluon condensate:
1
a4
Γ(n¯+ ν)
(
3β0
ξ
)n¯
∼ Λ4QCD , (10)
where n¯ = 1 − ν + ξ/(3β0). Thus the perturbative contribution has a component that is
comparable to the gluon condensate. Only the sum of the perturbative contribution and
the gluon condensate is unambiguous [5], which means that they cannot be separated from
each other.
A consequence of this inseparability is on the effect of the gluon condensate in gravity.
The cosmological constant problem—why it is so tiny compared to the vacuum energy of
a field theory—is one of the unsolved, most mysterious problems in physics. It is clear
that the effect of the gluon condensate on the cosmological constant cannot be discussed
independently of the perturbative vacuum energy, in contrary to studies [9–11] that consider
the gluon condensate effect separately from the perturbative contribution, or ignoring it
entirely; Which is not only incomplete but also inconsistent.
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